Unusual behavior of quantum materials commonly arises from their effective low-dimensional physics, which reflects the underlying anisotropy in the spin and charge degrees of freedom. Torque magnetometry is a highly sensitive technique to directly quantify the anisotropy in quantum materials, such as the layered high-Tc superconductors, anisotropic quantum spin-liquids, and the surface states of topological insulators. Here we introduce the magnetotropic coefficient k = ∂ 2 F/∂θ 2 , the second derivative of the free energy F with respect to the angle θ between the sample and the applied magnetic field, and report a simple and effective method to experimentally detect it. A sub-µg crystallite is placed at the tip of a commercially available atomic force microscopy cantilever, and we show that k can be quantitatively inferred from a shift in the resonant frequency under magnetic field. While related to the magnetic torque τ = ∂F/∂θ, k takes the role of torque susceptibility, and thus provides distinct insights into anisotropic materials akin to the difference between magnetization and magnetic susceptibility. The thermodynamic coefficient k is discontinuous at second-order phase transitions and subject to Ehrenfest relations with the specific heat and magnetic susceptibility. We apply this simple yet quantitative method on the exemplary cases of the Weyl-semimetal NbP and the spin-liquid candidate RuCl3, yet it is broadly applicable in quantum materials research.
Unusual behavior of quantum materials commonly arises from their effective low-dimensional physics, which reflects the underlying anisotropy in the spin and charge degrees of freedom. Torque magnetometry is a highly sensitive technique to directly quantify the anisotropy in quantum materials, such as the layered high-Tc superconductors, anisotropic quantum spin-liquids, and the surface states of topological insulators. Here we introduce the magnetotropic coefficient k = ∂ 2 F/∂θ 2 , the second derivative of the free energy F with respect to the angle θ between the sample and the applied magnetic field, and report a simple and effective method to experimentally detect it. A sub-µg crystallite is placed at the tip of a commercially available atomic force microscopy cantilever, and we show that k can be quantitatively inferred from a shift in the resonant frequency under magnetic field. While related to the magnetic torque τ = ∂F/∂θ, k takes the role of torque susceptibility, and thus provides distinct insights into anisotropic materials akin to the difference between magnetization and magnetic susceptibility. The thermodynamic coefficient k is discontinuous at second-order phase transitions and subject to Ehrenfest relations with the specific heat and magnetic susceptibility. We apply this simple yet quantitative method on the exemplary cases of the Weyl-semimetal NbP and the spin-liquid candidate RuCl3, yet it is broadly applicable in quantum materials research.
Correlated quantum materials governed by strong electronic interactions commonly host a variety of competing and coexisting electronic phases, such as the copper-and iron-based high-T c superconductors where charge ordering, high-temperature superconductivity and magnetism occur in close proximity [1] . Mapping the associated phase diagram is a critical first step to understanding their physics. These phases are commonly characterized by anisotropic behavior that reflects the microscopic anisotropy in the spin and charge degrees of freedom. Prominent examples include anisotropy in the magnetic susceptibility of the cuprates [2] [3] [4] , the identification of hidden-order phases in URu 2 Si 2 and SmB 6 [5, 6] and the electronic nematicity of the iron-based superconductors [7, 8] .
While anisotropy is at the heart of quantum materials, its experimental signatures can be very subtle. An established and highly sensitive technique to directly probe small anisotropies in correlated metals and exotic magnets is torque magnetometry. When a sample with an anisotropic magnetization M is placed in an external magnetic field H, it experiences a torque τ = M × H. This torque can be measured with high accuracy by mounting a crystal onto a cantilever [9] [10] [11] [12] [13] [14] .
Both the magnetic torque τ = −∂F/∂θ and the magnetization M = −∂F/∂H are first derivatives of the free energy F , and thus these thermodynamic parameters provide sensitive and essential information at phase transitions ( Figure 1a) . However, often the second derivatives of the free energy, such as the heat capacity C = −T ∂ 2 F/∂T 2 , the magnetic susceptibility χ = ∂ 2 F/∂H 2 and the elastic moduli c ijkl = ∂ 2 F/∂ ij ∂ kl provide more fundamental insights into a material. They can be directly related to physical properties, such as the density of states, and are the essential quantities to formulate a microscopic theory. Unlike first derivatives, they exhibit discontinuities at second-order phase thansitions and their magnitudes can be related to one another through the Ehrenfest relations [15] .
Here, we develop the theoretical framework of the magnetotropic coefficient k = ∂ 2 F/∂θ 2 as a second-order derivative. Related to the magnetic torque, the thermodynamic coefficient of torque susceptibility is directly linked to the magnetic anisotropy. We furthermore show a simple and effective technique for its direct measurement, "resonant torsion magnetometry". In this approach, the sample is mounted onto a commerciallyavailable self-resonating cantilever, and subjected to a magnetic field. While the magnetic torque itself bends the cantilever into a new static equilibrium, the magnetotropic coefficient induces an effective spring constant of the oscillator, which manifests itself into a frequency shift (Figure 1c ). This approach to detect the magnetotropic coefficient is related to, yet distinct from, previous successful applications of resonant methods to detect the magnetic torque, such as "torque differential magnetom-etry" on nanometer-sized samples [16] [17] [18] [19] [20] [21] [22] . We demonstrate sensitivity of our probe and highlight its thermodynamic character on two exemplary quantum materials, one with charge-and the other with spin-dominated anisotropy. We measure quantum oscillations in the Weyl semimetal NbP [23, 24] and the antiferromagnetic phase boundary of the spin-liquid candidate RuCl 3 [25] [26] [27] [28] [29] [30] [31] . To elucidate the physical distinction between the magnetic torque and the magnetotropic coefficient and to describe the measurement, we briefly review the energetics of the resonating sample. In the harmonic approximation, the energy of a cantilever with effective stiffness K, moment of inertia I (see methods) and an attached sample can be written as
The first two terms describe the kinetic and potential energies of the bare cantilever and together determine the base oscillation frequency, ω 2 0 = K/I. We parameterize the motion of the lever as it vibrates by an angle ∆θ at the tip of the lever where the sample is mounted (Figure 1c ). The last two terms in Eq. 1 describe the anisotropic energy of the measured sample in the applied magnetic field. Both the torque and the magnetotropic coefficient appear as coefficients in a Taylor expansion of the free energy F (θ, H), and they manifest themselves in distinct physical responses of the sample. The torque shifts the equilibrium angle about which the lever oscillates to θ τ = 2τ /K (Figure 1c ). The magnetotropic coefficient encodes the curvature of the free energy with respect to the rotation angle, and appears as a shift in the oscillation frequency, (ω 0 + ∆ω) 2 = (K + k)/I. For small frequency shifts, this can be expanded as
Therefore k can be directly determined by a simple measurement of the resonance frequency of the cantilever.
To illustrate the different behaviors of τ and k, we turn to the simple case of the linear response regime. Here, the magnetization M is proportional to the magnetic field strength H, M i = χ ij H j and the free energy is F (θ, H) ∝ cos 2θ. Accordingly, the angle dependences of the torque τ ∝ sin(2θ) and the magnetotropic coefficient k ∝ cos(2θ) strongly differ.
FIG. 2.
The magnetotropic coefficient k, proportional to the shift in frequency, of RuCl3 at T = 16 K and H = 5 T shows the cos 2θ angle dependence expected in the linear resonse regime Mi = χij Hj . θ = 0
• and θ = 90
• correspond to magnetic field applied perpendicular and parallel to the honeycomb planes, respectively. The principal magnetic axes (gray bands) have a minimum and maximum response in the measured coefficient.
Indeed, the angle dependence expected for the magnetotropic coefficient instead of the magnetic torque is observed in a resonant torsion measurement of RuCl 3 at low fields within the linear regime ( Figure 2 ). The signal of resonant torsion is thus maximal for fields along the axes of symmetry, a disadvantageous field orientation for conventional torque measurements. Along these important symmetry directions, the magnetic torque is small and subject to an undesirable torque interaction effect -where small changes in θ lead to large changes in the magnetic torque. We note that only in the linear regime is the shift in frequency simply related to the average deflection angle. In general anisotropic quantum materials and in fields exceeding the linear response, the former is not caused by the latter and the two are independent characteristics of the magnetic anisotropy of the material.
Unlike many sensitive magnetic measurement methods, resonant torsion does not require large specialized laboratory instrumentation. Self-resonating oscillatory force sensors for scanning probe microscopy are commercially available at high quality, such as the Akiyama Probe (A-Probe) used in these experiments [32] . The A-probe is made of two separate resonators: a silicon Ushaped cantilever (310 µm long and 3.7 µm thick) and a quartz tuning fork (2.4 mm long and 100 µm thick) (Figure 1b) [32] . The lowest vibration mode of the coupled cantilever system is roughly 50 kHz and produces an out-of-plane motion at the tip of the cantilever. The frequency of this mode is highly sensitive to any external influence, which is the basis of resonant torsion microscopy. The resonance frequency as a function of temperature and magnetic field can be conveniently tracked by a phase-locked loop (see methods). In order to demonstrate the sensitivity of the technique, we measure quantum oscillations in the Weyl semimetal NbP [23, 24] up to 3 T (Figure 3 ). This semimetal is non-magnetic, and its entire magnetic response at low fields is due to the weak Landau diamagnetism of the conduction electrons. With the magnetic field applied along the crystallographic caxis, where the magnetic torque is zero, we can resolve quantum oscillations in fields well below 1 T. The quantum oscillation frequencies for this field orientation agree with those reported in the literature [23, 24] . With a characteristic response bandwidth of 1 Hz, the smallest detectable frequency shift is ∆f /f = 6 × 10 −9 = ∆k/K, where K is the effective bending stiffness of the lever (see methods). With K = 180 nJ/rad 2 , the smallest detectable magnetotropic coefficient is ∆k = 1.1 × 10 3 . Resonant torsion magnetometry is thus ideally suited to investigate challenging materials where only the smallest particles exist in single crystal form.
In addition to the high sensitivity, the magnetotropic coefficient can provide valuable insight into the thermodynamics of a system via the Ehrenfest relation. k can be more formally defined as a member of a matrix of second derviatives of the free energy when temperature T , volume V , magnetic field strength |H|, and magnetic field orientation θ are independent variables. The relation of k to other thermodynamic coefficients is directly apparent from the behavior of the thermodynamic potential in the T, V, |H|, and θ variables
In polar coordinates, M and H denote absolute values. We can derive the Ehrenfest relation that relates a discontinuous jump in the resonant torsion to other thermodynamic coefficients. If we assume that T c (θ) is the boundary of a second-order phase transition induced by the magnetic field angle measured at a fixed volume V and magnetic field H, then continuity of all first derivatives (S, P, M, τ ) across such a boundary, ∆S = 0 and ∆τ = 0, requires that discontinuous jumps in the three thermodynamic coefficients C, (∂S/∂θ) = − (∂τ /∂T ), and k are all related to each other:
Here dT * and dθ * are short segments along the phase boundary in the T − θ phase plane, such that dT * /dθ * = (∂T c /∂θ) The Ehrenfest relation connecting the jump in the magnetotropic coefficient ∆k and the jump in the heat capacity ∆C is
where the derivative is to be taken along the phase boundary at fixed magnetic field. Similarly, Ehrenfest relations between the jumps in k, χ, and C give ∆k = −∆χ (∂H c /∂θ) 2 T and ∆χ = (∆C/T c ) (∂T c /∂H) 2 θ , where the derivatives in the two relations must be taken along the phase boundary at fixed temperature and at a fixed field orientation, respectively.
In order to demonstrate these thermodynamic relations, we refer again to RuCl 3 , an effective spin-1/2 quantum magnet that orders antiferromagnetically at T N = 7 K [28] . Below this temperature, long-range order can be suppressed with a magnetic field of ∼8 T for fields applied within the honeycomb planes [30, 31] , with recent evidence suggesting a spin liquid state at higher magnetic fields [25, 26] . We measure RuCl 3 at T = • from the honeycomb planes toward the crystallographic caxis. Both measurements are set up to probe the magnetic anisotropy between the in-plane and out-of-plane field orientations (ie. α = ±(χ − χ ⊥ ), where χ and χ ⊥ are with respect to the honeycomb planes).
K -well within the antiferromagnetically ordered state [29, 31] -to observe the evolution of the magnetic torque and the resonant torsion as we cross the second-order phase boundary with increasing magnetic field ( Figure  4 ). With small fields at an angle ∼10
• away from the honeycomb planes, both τ and k respond quadratically to the applied magnetic field. For this field orientation, we observe the suppression of long-range order at ∼9 T. Across the phase boundary, τ shows a break in slope crossing over to linear behavior at higher magnetic fields, whereas k experiences a discontinuous jump. Akin to the advantages of techniques sensing the magnetic susceptibility compared to magnetization, detecting k offers a more appropriate means for identifying magnetic phase transitions.
The experimentally observed jump ∆k ≈ 6 J/rad 2 /mol in this configuration (Figure 4b ) can be directly compared to heat capacity measurements under magnetic field. (∂T c /∂θ) can be estimated from the angle dependence of the resonant torsion of RuCl 3 at fixed temperature and magnetic field. One such scan at T = 1.3 K and H = 17.5 T (Figure 5a ) shows a pronounced anomaly at the phase boundary of the long-range ordered state. Entry into the ordered state is marked by a jump down at the phase boundary, as required by Equation 5 . Such measurements at various fixed magnetic fields allow to map out the phase boundary of the antiferromagnetically ordered state (Figure 5b ). The derivative (∂T c /∂θ) H = (∂T c /∂H) θ (∂H c /∂θ) T at T = 1.3 K, H = 10 T, and θ = 102
• can be estimated as (∂H c /∂θ) T ≈ 2.8 T/rad and (∂T c /∂H) θ ≈ 25 K/T. The heat capacity jump at the antiferromagnetic transition at T = 1.3 K has been reported as ∆C/T c ∼ 1.7 mJ/mol/K 2 [30] . Thus the right hand side of Eq. 5 gives approximately 8 J/rad 2 /mol, in agreement with the size of the measured jump ∆k of 6 J/rad 2 /mol found above. This quantitative agreement is remarkable, especially given the uncertainties of the derivatives due to the complex shape of the phase boundary.
Resonant torsion magnetometry is a highly sensitive, quantitative and simple method to probe the magnetic anisotropy of the smallest crystallites of quantum matter. The magnetotropic coefficient provides valuable information about anisotropic materials, complementing the magnetic torque. First, direct measurement of k clearly signals second-order phase transitions by discontinuous jumps that can be related to anomalies in other thermodynamic measurements. Resonant torsion magnetometry thus serves as an alternative tool for measuring magnetic phase transitions in environments that are challenging for other thermodynamic techniques. Second, measurements of this coefficient allows direct access to the magnetic anisotropy when magnetic field is aligned along the principal magnetic axes -a blindspot for conventional torque magnetometry. Finally, the ability to measure shifts in the resonant frequency of lever vibrations much more precisely than the amplitude of lever deflections results in better than part per 100 million sensitivity and the opportunity to measure sub-nanogram sized samples. In the area of materials discovery, microscopic crystallites commonly occur and resonant torsion magnetometry provides a new route to conveniently determine the anisotropy of new quantum materials. 
METHODS
Our measurements were done in a 16 T superconducting magnet and a 35 T resistive Bitter magnet. Approximately 10 mbar of exchange gas was maintained in the sample chamber during these measurements. Under these conditions, we found that an optimal drive voltage of 10 mV provides good sensitivity without causing the lever to ring. Frequency scans with an output voltage as high as 50 mV show no shift in the observed resonant frequency of the cantilever, confirming that the lever responds linearly to the deflection. The experimental setup requires a method for tracking the frequency of the mechanical resonance of the cantilever as a function of temperature and magnetic field. The motion of the cantilever couples to the tuning fork, which has two contacts used to measure the electrical resonance of the parallel LC circuit. The pickup signal is lockin-detected at the drive frequency. Due to the internal capacitance of the tuning fork and cabling, the voltage induced on the pickup contact is non-zero and has a finite phase with respect to the drive signal, even when the vibration amplitude is negligible away from the resonance. The finite background impedance, which also changes as a function of temperature, may inhibit the magnitude of the sharp phase change expected on resonance. A large phase change across the resonance is required for successful tracking with the phase-locked loop (PLL). To correct for the background phase, we incorporate a capacitance compensation circuit based on the one recommended by Nanosensors Inc. (Figure 6 ) [32, 33] .
In order to precisely measure the small piezoelectric current due to the mechanical motion of the cantilever at resonance, the parasitic capacitance between the gold contacts on the tuning fork must be compensated in the circuit. Our experimental setup is shown in Figure 6 . Here, the output from the capacitance compensation line is inverted and summed with the measured response of the cantilever at resonance to detect only the piezoelectric current due to the lever motion. At zero magnetic field, the background capacitance is nulled with the potentiometer in order to obtain a large 180
• phase shift on resonance. To reduce noise, the braided shield of a low-capacitance twisted pair directly connects the positive input of the current-voltage converter to a ground plane directly below the vibrating lever ( Figure 6) . The signal is then amplified to follow the resonant frequency with the PLL as it changes with magnetic field. We used the (PLL/PID) option of the Zurich Instruments midfrequency lock-in (MFLI) amplifier with analog to digital to analog conversion. As a function of temperature, large changes in the background impedance (due to thermal contraction of the wiring, the inductance in electrical components, etc.) are observed. Thus, we use a custom program to adaptively follow the resonance, which maintains that the in-phase and quadrature components of the frequency scan around the resonance are centered at zero [34, 35] .
K denotes an effective bending stiffness of the lever. The actual shape of the cantilever can be described in the thin-plate approximation [36] by ζ(z, t), where ζ is the displacement of the lever at a distance z from the point of attachment. In the thin-plate approximation, the shape of ζ(z, t) can be determined from the energy functional E = (1/2) L 0 dzρ(z)A(z)(dζ(z, t)/dt) 2 +
(1/2) L 0 dzE(z)I y (z)(∆ζ(z, t)) 2 , where A(z) is the crosssectional area of the lever, I y (z) is the moment of inertia of the cross section of the lever, L is the length and ρ(z) is the density. This form of energy allows a straightforward derivation of the boundary conditions for a cantilever of non-uniform crossection. With this, ∆θ is defined as the rotation angle at the tip of the lever ∆θ(t) = (dζ(z)/dz) z=L . Thus, K and I in Eq. 1 must be found from the detailed solution for the shape of the resonance mode. Not only do K and I depend on the shape of the lever, both have different values when different resonant modes are considered in Eq. 1. For example, the effective bending stiffness for the lowest oscillating mode (without nodes) of a uniform cross-section cantilever is K 0 = 1.63(EI y /L). The effective moment of inertia for the same mode is I 0 = 0.13ρAL 3 .
